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A NEW UPPER BOUND FOR ODD PERFECT NUMBERS OF
A SPECIAL FORM
TOMOHIRO YAMADA
Abstract. We give a new effectively computable upper bound of odd perfect
numbers whose Euler factors are powers of fixed exponent, improving our old
result from [15].
1. Introduction
As usual, let σ(N) denote the sum of divisors of a positive integer N . N
is called perfect if σ(N) = 2N . Though it is not known whether or not an odd
perfect number exists, many conditions which must be satisfied by such a number
are known.
Suppose that N is an odd perfect number. Euler has shown that
N = pαq2β11 · · · q2βrr
for distinct odd primes p, q1, . . . , qr and positive integers α, β1, . . . , βr with p ≡
α ≡ 1 (mod 4).
The special case β1 = β2 = · · · = βr = β has been considered by many authors.
Steuerwald [14] proved that we cannot have β1 = · · · = βr = 1. McDaniel [10]
proved that we cannot have β1 ≡ · · · ≡ βr ≡ 1 (mod 3). If β1 = · · · = βr = β,
then it is known that β 6= 2 (Kanold [8]), β 6= 3 (Hagis and McDaniel [7]),
β 6= 5, 12, 17, 24, 62 (McDaniel and Hagis [11]), and β 6= 6, 8, 11, 14, 18 (Cohen
and Williams [3]). In their paper [7], Hagis and McDaniel conjectured that β1 =
· · · = βr = β does not occur. We [15] proved that if β1 = · · · = βr = β, then
r ≤ 4β2 + 2β + 2 and
N < 24
4β2+2β+3
.
We call this upper bound for N the classical bound.
In the RIMS workshop on analytic number theory in 2014, we have given an
improved upper bound for such numbers, although this result has been published
nowhere (even in the preprint form or in an unrefereed proceedings). We proved
that r < 2β2+O(β log β) with an effectively computable implicit constant. There
we used the arithmetic in quadratic fields and lower bounds for linear forms in
logarithms.
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In this paper, we shall give a slightly stronger result and a simpler proof, using
less arithmetic in quadratic fields and linear algebraic argument instead of Baker’s
method.
Theorem 1.1. If N = pαq2β1 · · · q2βr with p, q1, . . . , qr distinct primes is an odd
perfect number, then r ≤ 2β2 + 8β + 2 and
N < 24
2β2+8β+3
.
Further, the coefficient 8 of β can be replaced by 7 if 2β + 1 is not a prime, or
β ≥ 29.
The upper bound for N immediately follows from the upper bound for r and
Nielsen’s result [13] that if N is an odd perfect number, then N < 24
ω(N)
, where
ω(N) denotes the number of distinct prime factors of N .
In Section 3, we use a method used in [15] to reduce the theorem to an upper
bound for the number of solutions of some diophantine equations.
Lemma 1.2. Assume that l = 2β + 1 is a prime ≥ 19. If N = pαq2β1 · · · q2βr
with p, q1, . . . , qr distinct primes is an odd perfect number, then, for each prime
qj ≡ 1 (mod l), there exist at most five primes qi 6≡ 1 (mod l) such that (qli −
1)/(qi − 1) = pmqj for any prime l ≥ 59 and at most six such primes for each
prime 19 ≤ l ≤ 53.
In Section 4, we solve this diophantine problem to prove the theorem. Here, we
avoid the use of Baker’s method by adopting a linear algebraic technique used by
Beukers in [2], who gave upper bounds for the numbers of solutions of generalized
Ramanujan-Nagell equations.
2. Preliminaries
In this section, we shall introduce some notations and lemmas.
We begin by introducing two well-known lemmas concerning prime factors of
the n-th cyclotomic polynomial, which we denote by Φn(X). Lemma 2.1 follows
from Theorems 94 and 95 in Nagell [12]. Lemma 2.2 has been proved by Bang
[1] and rediscovered by many authors such as Zsigmondy [16], Dickson [4] and
Kanold [8, 9].
Lemma 2.1. Let p, q be distinct primes with q 6= 2 and c be a positive integer.
If p ≡ 1 (mod q), then q divides σ(pc) if and only if q divides c + 1. Moreover,
if p 6≡ 1 (mod q), then q divides σ(pc) if and only if the multiplicative order of q
modulo p divides c+ 1.
Lemma 2.2. If a is an integer greater than 1, then Φn(a) has a prime factor
which does not divide am−1 for any m < n, unless (a, n) = (2, 1), (2, 6) or n = 2
and a+ 1 is a power of 2.
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Next, we need some notations and results from the arithmetic of a quadratic
field. Let l > 3 be a prime and D = (−1) l−12 l. Let K and O denote Q(√D) and
its ring of integers Z[(1 +
√
D)/2] respectively. We use the overline symbol to
express the conjugate in K. In the case D > 0, ǫ and R = log ǫ shall denote the
fundamental unit and the regulator in K. In the case D < −4, we set ǫ = −1
and R = πi. We note that neither D = −3 nor −4 occurs since we have assumed
that l > 3.
We shall introduce the following lemma on the value of the cyclotomic poly-
nomial Φl(x).
Lemma 2.3. Assume that l is a prime ≥ 19 and x is an integer > 3⌊(l+1)/6⌋.
Then Φl(x) can be written in the form X
2 − DY 2 for some coprime integers
X and Y with 0.3791/x <
∣∣∣Y/(X − Y√D)∣∣∣ < 0.6296/x. Moreover, if p, q are
primes ≡ 1 (mod l) and Φl(x) = pmq for some integer m, then,
(1)
[
X + Y
√
D
X − Y√D
]
=
(
p¯
p
)±m(
q¯
q
)±1
,
where [p] = pp¯ and [q] = qq¯ are prime ideal factorizations in O.
Proof. Let ζ be a primitive l-th root of unity. We can factor (xl − 1)/(x − 1) =
ψ+(x)ψ−(x) in K, where
ψ+(x) =
∏
( il )=1
(x− ζ i) =
l−1
2∑
i=0
aix
l−1
2
−i,
ψ−(x) =
∏
( il )=−1
(x− ζ i).
Hence, taking P (x) = ψ+(x)+ψ−(x) and Q(x) = (ψ+(x)−ψ−(x))/√D, we have
(2)
xl − 1
x− 1 = ψ
+(x)ψ−(x) =
P 2(x)−DQ2(x)
4
.
Now, putting X = P (x) and Y = Q(x), we have Φl(x) = (X
2 − DY 2)/4 with
ψ+(x) = (X + Y
√
D)/2 and ψ−(x) = (X − Y√D)/2.
If Φl(x) = p
mq, then we have the ideal factorizations [x − ζ i] = p(i)mq(i) for
i = 1, 2, . . . , l − 1 in Q(ζ) with [p] = ∏l−1i=1 p(i) and [q] = ∏l−1i=1 q(i). We see that∏
( il )=1
p(i) = p or p¯ and
∏
( il )=1
q(i) = q or q¯. Now [X + Y
√
D] can be factored
into one of the forms pmq, p¯mq, pmq¯ or p¯mq¯ in O and (1) holds.
Now it remains to show that 0.3791/x <
∣∣∣Y/(X − Y√D)∣∣∣ < 0.6296/x. We
begin by dealing the case x ≥ l2. We clearly have a0 = 1. It follows from the
well known result for the Gauss sum that a1 =
1±√D
2 . Moreover, it immediately
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follows from the definition of ψ+(x) that
|ai| ≤
(
(l − 1)/2
i
)
<
(
l − 1
2
)i
for each i ≤ l−12 . Combining these facts on ai’s, we obtain
∣∣∣P (x)− 2x l−12 − x l−32 ∣∣∣ ≤ 2
l−1
2∑
i=2
(
l − 1
2
)i
x
l−1
2
−i
<
(l − 1)2x l−32
2x− l − 1 ≤
(l − 1)2x l−32
2l2 − l − 1
<
x
l−3
2
2
(3)
and
∣∣∣|Q(x)| − x l−32 ∣∣∣ ≤ 2√
l
l−1
2∑
i=2
(
l − 1
2
)i
x
l−1
2
−i
<
(l − 1)2x l−32√
l(2x− l − 1) <
(l − 1)2x l−32√
l(2l2 − l − 1)
<
x
l−3
2
2
√
l
.
(4)
From these inequalities, we deduce that
(5)
∣∣∣∣ Q(x)P (x)−Q(x)√D
∣∣∣∣ < 1 +
1
2
√
l
2x+ 12 −
(
1 + 1
2
√
l
)√
l
<
0.6296
x
and
(6)
∣∣∣∣ Q(x)P (x)−Q(x)√D
∣∣∣∣ > 1−
1
2
√
l
2x+ 32 +
(
1 + 1
2
√
l
)√
l
>
0.3791
x
for l ≥ 19, proving the lemma in this case.
In the remaining case x < l2, then we have l ≤ 37 since we have assumed that
x > 3⌊(l+1)/6⌋. For each l, we can confirm the desired inequality for 3⌊(l+1)/6⌋ <
x < l2 by calculation. Now the lemma is completely proved. 
3. Reduction to a diophantine problem
Let N = pαq2β1 · · · q2βr be an odd perfect number. In this section, we shall show
that our theorem can be reduced to Lemma 1.2.
Various results referred in the introduction of this paper allows us to assume
that β ≥ 9 without loss of generality.
We see that we can take a prime factor l of 2β + 1 which is one of the qi’s.
Indeed, if 2β + 1 has at least two distinct prime factors l1 and l2, then at least
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one of them must be one of the qi’s and, if 2β + 1 = l
γ is a power of a prime l,
then we must have l = qi0 for some i0 by Kanold [8].
As we did in [15], we divide q1, . . . , qr into four disjoint sets. Let
S = {i : qi ≡ 1 (mod l)},
T = {i : qi 6≡ 1 (mod l), i 6= i0, qj | σ(q2βi ) for some 1 ≤ j ≤ r},
and
U = {i : qi 6≡ 1 (mod l), i 6= i0, qj ∤ σ(q2βi ) for any 1 ≤ j ≤ r}.
Hence, we can write {i : 1 ≤ i ≤ r} = S ∪ T ∪ U ∪ {i0}.
In [15], we proved that #S ≤ 2β. Moreover, if 2β + 1 = lγ is a prime power,
then #T ≤ (2β)2 and #U ≤ 1, implying that r ≤ 4β2+2β+2 and, if 2β+1 has
s > 1 distinct prime factors, then #S ≤ 2β and r ≤ 2β#S/(2s−1 − 1).
For each i ∈ T , let f(i) denote the number of prime factors in S dividing σ(q2βi )
counted with multiplicity. Then, we can easily see that, for any i ∈ T , σ(q2βi ) has
at least one prime factor in S from Lemmas 2.1 and 2.2. Hence, we have f(i) ≥ 1
for any i ∈ T .
This immediately gives that #T ≤ ∑i∈T f(i) ≤ (2β)#S ≤ 4β2, which is
Lemma 3.2 in [15]. This yields the dominant term 4β2 in the exponent of the
classical bound, which we would like to improve. To this end, we denote by δ the
number of i’s for which f(i) = 1. Then we have
2#T − δ = δ + 2(#T − δ) ≤
∑
i∈T
f(i) ≤ 4β2;
that is, #T ≤ 2β2 + (δ/2).
If 2β + 1 is composite, then, by Lemma 2.2, for each divisor d of (2β + 1)/l,
Φld(qi) has a prime factor ≡ 1 (mod l) not dividing Φlk(qi) for any other divisor
k < d of (2β + 1)/l. Hence, we see that U must be empty. Moreover, if i ∈ T
and f(i) = 1, then 2β + 1 = l2 and Φl(qi) = qj or Φl2(qi) = qj for some j ∈ S, or
2β + 1 = l1l for some prime l1 and Φl(qi) = qj or Φl1l(qi) = qj for some j ∈ S.
From this, we can deduce that f(i) = 1 holds for at most 2#S ≤ 4β indices
i ∈ T . That is, δ ≤ 2#S ≤ 4β. Since U is empty, we have #T +#U ≤ 2β2 +2β.
If 2β + 1 = l is prime, i ∈ T and f(i) = 1, then σ(q2βi ) = Φl(qi) = pmqj for
an index j ∈ S and an integer m ≥ 0. Moreover, we have #U ≤ 1 as mentioned
above.
Now, observing that r ≤ #S+#T+#U+1 ≤ 2β2+2β+(δ/2)+2, we conclude
that Theorem 1.1 can be derived if we show that, for each prime qj ≡ 1 (mod l),
there exist at most five primes qi with i ∈ T such that Φl(qi) = (qli−1)/(qi−1) =
pmqj for any prime l ≥ 59 and at most six such primes for each prime 19 ≤ l ≤ 53.
Hence, Theorem 1.1 would follow from Lemma 1.2, which we prove in the next
section.
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4. Proof of the theorem
We begin by proving a gap principle using elementary modular arithmetic.
Lemma 4.1. If x2 > x1 > 0 are two multiplicatively independent integers such
that Φl(x1) = p
m1qj and Φl(x2) = p
m2qj, then x2 > x
⌊(l+1)/6⌋
1 .
Proof. Assume that x2 ≤ x⌊(l+1)/6⌋1 . We begin by observing that (xf11 xf22 )l ≡ 1
(mod qj) for any integers f1 and f2. In the case p
m1 < qj, we must have qj >
(Φl(x1))
1/2 > x
(l−1)/2
1 and therefore
(7) 1 ≤ xf11 xf22 ≤ xf1+f2⌊(l+1)/6⌋1 ≤ x(l−1)/21 < qj
for 0 ≤ f1 ≤ (l − 1)/2 − f2 ⌊(l + 1)/6⌋. This implies that each integer of the
form xf11 x
f2
2 with 0 ≤ f1 ≤ (l − 1)/2 − f2 ⌊(l + 1)/6⌋ must give a solution of
the congruence X l ≡ 1 (mod qj) and these solutions are not congruent to each
other. For each fixed f2, we have (l+1)/2− f2 ⌊(l + 1)/6⌋ such solutions. Hence,
recalling that l ≥ 19, the congruence X l ≡ 1 (mod qj) should have at least
2∑
f2=0
(
l + 1
2
− f2
⌊
l + 1
6
⌋)
=
3(l + 1)
2
− 3
⌊
l + 1
6
⌋
≥ l + 1
solutions in 1 ≤ X < qj, which is impossible. Similarly, in the case pm1 > qj , the
congruenceX l ≡ 1 (mod pm1) should have at least l+1 solutions in 1 ≤ X < pm1 ,
a contradiction again. Hence, we must have x2 > x
⌊(l+1)/6⌋
1 . 
Using Lemma 2.3, we shall prove another gap principle, which is more condi-
tional but much stronger than the first gap principle.
Lemma 4.2. If Φl(xi) = p
miqj for three integers x3 > x2 > x1 > 0 with x2 >
x
⌊(l+1)/6⌋
1 , then m3 > 0.397 |R|x1.
Proof. We write ξi = (Xi + Yi
√
D)/(Xi − Yi
√
D) for each i = 1, 2, 3. Factoring
[p] = pp¯, [qj ] = qj q¯j in O and applying Lemma 2.3 with qj in place of q, we obtain
that, for each i = 1, 2, 3,
(8) [ξi] =
(
p¯
p
)±mi ( q¯j
qj
)±1
,
holds with 0 < Yi/(Xi − Yi
√
D) < (Φl(xi))
−1/(l−1).
Hence, taking an appropriate combination of signs, we obtain
(9) [ξ1]
±m2±m3 [ξ2]±m3±m1 [ξ3]±m1±m2 = [1],
and therefore
(10) ξ±m2±m31 ξ
±m3±m1
2 ξ
±m1±m2
3 = ±ǫa
for some integer a. Hence, if we let each logarithm log ξi take its principal value,
we have
(11) (±m2 ±m3) log ξ1 + (±m3 ±m1) log ξ2 + (±m1 ±m2) log ξ3 = bR
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for some integer b.
If b 6= 0, then
(12) (m2 +m3) |log ξ1|+ (m3 +m1) |log ξ2|+ (m1 +m2) |log ξ3| ≥ |R| .
Recalling that 0 < Yi/(Xi − Yi
√
D) < 0.6296/xi from Lemma 2.3 and each
complex logarithm takes its principal value, we have |log ξi| < 1.2592/xi and
therefore
2.5184m3
(
1
x1
+
1
x2
+
1
x3
)
≥ 1.2592
(
m2 +m3
x1
+
m3 +m1
x2
+
m1 +m2
x3
)
> |R| .
(13)
From this and the assumption that x3 > x2 > x
⌊(l+1)/6⌋
1 ≥ x31 (recall that we have
assumed that l ≥ 19), we can deduce that m3 > 0.397x1 |R|.
If b = 0, then |log ξ1| ≤ 2m3 |log ξ2| + 2m2 |log ξ3|. We see that |log ξ2| <
1.2592/x2, |log ξ3| < 1.2592/x3 by Lemma 2.3 and |log ξ1| > 0.3791/x1. Hence,
we have
0.15
x1
< m3
(
1
x2
+
1
x3
)
.
Moreover, since x2 > x
⌊(l+1)/6⌋
1 ≥ x31 and x3 > x⌊(l+1)/6⌋2 , we have
(14) m3 >
0.15x2
x1
> 0.15x21 > 0.15× 3⌊
l+1
6 ⌋x1 > |R|x1,
where the last inequality follows observing that, if l ≡ 3 (mod 4), then 0.15 ×
3⌊(l+1)/6⌋ > 0.2l > π = |R| and, if l ≡ 1 (mod 4), then D = l ≥ 29 and therefore
0.15 × 3⌊(l+1)/6⌋ > l > R using the estimate R < D1/2 log(4D) from [6].
Hence, we conclude that, whether b = 0 or not, m3 > 0.397 |R|x1, proving the
lemma. 
Now we shall prove Lemma 1.2. Assume that q1 < q2 < · · · < q6 are six primes
not congruent to 1 modulo l such that Φl(qi) = p
giqj for i = 1, 2, . . . , 6. Moreover,
assume that q7 is a prime in T greater than q6 and Φl(q7) = p
g7qj if 19 ≤ l ≤ 53.
Write R′ = 0.397 |R|. Since q2 > q⌊(l+1)/6⌋1 ≥ 3⌊(l+1)/6⌋, we can apply Lemma 4.2
with (xi,mi) = (qi+1, gi+1)(i = 1, 2, 3) to obtain
log q4 >
g4 log p
l − 1 >
q2R
′ log p
l − 1 ≥
3⌊ l+16 ⌋R′ log(2l + 1)
l − 1 ,
where we use the fact p ≥ 2l + 1 by Lemma 2.1 and the assumption qi 6≡ 1
(mod l). Similarly, we have log q6 > q4R
′(log(2l + 1))/(l − 1) and
(15)
log q6
log 2
> exp
(
3⌊ l+16 ⌋R′ log(2l + 1)
l − 1 + log
R′ log(2l + 1)
l − 1
)
.
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Hence, for l ≥ 59, we must have
log q6
log 2
> 4l
2
= 44β
2+4β+1,
which is impossible since it implies that N ≥ q6 exceeding the classical bound.
If 23 ≤ l ≤ 53, applying Lemma 4.1, we have q1 ≥ 3, q2 ≥ 34 and q3 ≥ 316.
Applying Lemma 4.2 with (xi,mi) = (qi+2, gi+2) (i = 1, 2, 3) and then (xi,mi) =
(qi+4, gi+4)(i = 1, 2, 3), we have q5 > exp(3040000) and q7 > exp(exp(3000000)).
If l = 19, applying Lemma 4.2 with (xi,mi) = (qi+2, gi+2)(i = 1, 2, 3) and then
(xi,mi) = (qi+4, gi+4)(i = 1, 2, 3), we have q1 ≥ 3, q2 ≥ 29, q3 ≥ 24391, q5 >
exp(6238) and q7 > exp(exp(6000)). Thus, q7 must exceed the classical bound if
19 ≤ l ≤ 53, which is a contradiction again.
Hence, we conclude that, for each given j ∈ S, there are at most five indices
i ∈ T with f(i) = 1 and qj | Φl(qi) = σ(q2βi ) if l ≥ 59 and there are at most
six indices i ∈ T and qj | Φl(qi) = σ(q2βi ) with f(i) = 1 if 19 ≤ l ≤ 53. This
completes the proof of Lemma 1.2, which in turn implies Theorem 1.1.
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